T he study of the dynamic behaviour of a membrane in contact with a fluid is interesting due to the numerous applications in technology. The vibro-acoustic behaviour of a circular membrane in a cylindrical container or a membrane drum filled with a non-viscous fluid is analyzed . A boundary element method is used and the acoustic pressure over the boundary is calculated employing the Kirchhoff`s integral equation and that with the equation of motion of the membrane, the natural frequencies of vibration are obtained. Furthermore the effect of the drum height, drum radius, membrane material density, tension parameter and fluid density on the frequencies are evaluated, as well as the variation of the fluid mass coefficient with the wave number. Validation of the method is made comparing the results with those obtained by other authors and theories.
Introduction
Investigations and studies of vibrating membranes have been conducted for many years. These structures formed from thin-walled material can be found in various applications from biological to architectural and aerospace, in which the tangential and bending reaction to loads are negligible. Motivations for such studies were the solution of practical problems, for example the investigation of acoustics of musical instruments such as drums and bells, architectural or civil structures, diaphragms in transducers, biomedical prosthesis such as artificial organs, and space based applications such as radio antennas and optical reflectors, see Jenkins et al. [2006] . All of them can be considered as different types of fluid-structure interaction problems, as an example the recent works of Soltani and Reddy [2015] who analyze the vibration of elastic plates in contact with an inviscid fluid, Abassi et al. [2016] who analyze the torsional vibration of a fluidfilled multilayered transversely isotropic finite circular cylinder, Erchiqui et al. [2015] who carry out an study of characterization of polymeric membranes under large deformations using fluidstructure coupling, and lastly Zhao and Li [2015] who undertake the study of vibration and acoustic responses of an orthotropic composite conical shell in a hygroscopic environment. The interactions between fluid and membranes affect the frequency characteristics of the coupled system and could change the performance of the system under dynamic loading. For these light structures, even when the fluid is air, the contribution to the dynamic properties can be important.
The problem of fluid-membrane interactions has been investigated by many researchers. Bauer [1995] considered the coupled frequencies of a liquid in a circular cylindrical container with an elastic liquid surface cover; for this an analytic method is employed considering the deformation equation of the membrane in which the pressure force is obtained through the velocity potential using Bernouilli's linearized equation. Chiba et al .[2002] considered the free hydroelastic vibration in a cylindrical container with a membrane bottom, containing liquid with surface tension. Shabani et al. [2013] studied the hydroelastic vibration of a circular diaphragm in the fluid chamber of a reciprocating micro pump. Tariverdilo et al. [2012 Tariverdilo et al. [ , 2013 considered the free vibration of a circular plate or membrane situated on the bottom of a cylindrical container filled with an incompressible and non-viscous fluid, for which it applies a variational approach taking into account the deformation of the plate and the velocity potential function for the fluid including also its boundary conditions. Kyeong et al. [2005] analyzed the hydro-elastic vibration of a circular plate clamped at an off center location of a rigid cylindrical container with the fluid bisected by the plate in the container; for this the fluid was considered non-viscous and compressible and an analytical method was developed by the Rayleigh-Ritz method based on the Fourier-Bessel series expansion. Xiang et al. [2016] used a variational formulation for vibroacoustic analysis of a panel backed by an irregularly-bounded cavity.
The vibration of a circular membrane clamped on the bottom of a cylindrical container filled with fluid (compressible or incompressible) is analyzed in this paper. Applying a boundary element method taking into account the Kirchhoff`s integral formulation for the fluid pressure and the equation of motion of the membrane, the frequencies of the coupled system are evaluated by a collocation method leading to an eigenvalue problem. The advantage of the boundary element method with respect to the finite element method is that it requires a discretization of only the boundary of the fluid domain and not the entire fluid domain, so that for example in the case of an infinite domain the application of the finite element method has limitations. This method is characterized by its relative simplicity, nevertheless it requires the calculation of singular integrals that are solved by taking their principal value.
Finally the effects of fluid parameters such as depth and density, and the membrane parameters such as tension, material density and thickness of the free vibration response on the coupled system are investigated as well as the variation of the fluid mass coefficient with the wave number.
Problem Formulation
The equation of the membrane deformation in contact with the fluid the fluid is, see Wang [2014] :
with w the membrane deformation, T the membrane tension, h t the membrane thickness, and m ρ the material density of the membrane.
It is supposed that the only action over the membrane is the fluid pressure p inside the drum in contact with it.
This pressure distribution can be obtained by solving the wave equation on the fluid domain for a still fluid
with a ∞ the sound speed. Application of the momentum equation at the surface of the membrane that is placed at the 0 z = plane and with a radius , yields the boundary condition:
with a being the radius of the membrane and ρ ∞ the fluid density.
And for the rigid walls 0 p n ∂ = ∂ , with n  the normal to the surface of the wall.
In Fig.1 the geometrical characteristics are presented which define the membrane drum. ( , )
with g the Green`s function for the non-homogeneous Helmholtz's equation that satisfies the Sommerfield's radiation condition, whose solution is 1 4
where R is the distance between the source point and the field point,
The surface boundary S is formed by the membrane surface m S , the cylindrical rigid surface of the drum a S and the circular rigid surface of the drum h S .
Considering the pressure ( , ) P r z on the boundary and its normal gradient P n ∂ ∂  , the following integral equation is obtained:
Considering the different surface boundaries and taking into account that 0 P n ∂ = ∂ for the rigid
Considering the three boundaries of the drum and equation (2.15), a system of three integral equations is obtained, and by applying a collocation method and solving this system, the pressure field over these boundaries is calculated, i.e. the pressure over the membrane P , the pressure over the cylindrical rigid surface a P , and the pressure over the circular rigid surface h P Applying the integral equation of the normal pressure gradient for the cylindrical rigid boundary and taking into account that ( , ) 0 P a z r
h P r P r h = and ( ) ( , 0) P r P r = and applying a collocation method, the following system is obtained:
where the influence matrices are expressed:
Special care must be taken of the singularity when i j z z = . To avoid this singularity, the kernel of the integral is split into a regular part and a singular part, see Gascón-Pérez et al [2015] . The regular part is integrated numerically and for the singular part, the principal value, see Roussos [2014] 
Applying the integral equation of the normal pressure gradient for the circular rigid boundary h S and taking into account that ( , ) 0 P r h z
h P r P r h = and ( ) ( , 0) P r P r = and applying a collocation method, the following system is obtained: 
where the influence matrices are expressed: Again, special care must be taken of the singularity when i j r r = . To avoid this singularity, the kernel of the integral is split into a regular part and a singular part. The regular part is integrated numerically and for the singular part, the principal value is taken , i.e. After applying a collocation method and considering the expression (2.37) for the pressure over the membrane , the following scalar equation is obtained: 
where the elements of the three matrices are calculated:  depends on the frequency. An iteration procedure needs to be used to obtain the natural frequencies of the system. The iteration scheme is developed as follows:
For each frequency the above procedure converges into two or three iterations. It should be noted that for a compressible fluid the natural frequencies are obtained one by one, while for an incompressible fluid all of them are obtained at the same time. Once the natural frequencies of the coupled fluid-structure are determined, the normal modes can be computed by determining the eigenvector { } i q and expressed as a linear combination of the normal modes of the structure in vacuum.
Results
For verification of the method, in Table 1 , the frequencies of a plate in contact with fluid and in vacuum n lm f and n vm f are compared with the results of Tariverdilo et al. [2013] for the case of a cylindrical container filled with water (incompressible fluid) with a bottom vibrating plate. For this case , the entire procedure is similar to that of the membrane and the equation (2.1) f corresponds to the plate in vacuum, both of which are expressed in Hz. As it can be observed from Table 1 , there is a slight difference in results regarding the present method compared with those obtained by , depending on the mode considered for the different values of nodal diameters m and nodal circles n , so the validity of this method can be concluded . There is also a significant reduction in frequency in the wet case (with water) with respect to the vacuum case and this reduction is higher with the lower value of the mode considered, , see Gascón-Pérez et al [2014] .
T able 1. Natural frequencies for a clamped circular steel plate (in vacuum and water) of a cylindrical container of height 100 h mm = , radius 100 a mm = , and thickness 2 Figs. 2 and 3 show the frequency variation of the membrane with the height of the drum, for different modes, with 0,1, 2 n = nodal circles and 0,1 m = nodal diameters. It can be seen from Fig.2 and 3 , that the frequency remains constant with the height variation as it approaches to / 1 h a = , and decreases rapidly at certain threshold value of the height ratio, depending of the mode considered, indicating that the fluid mass damping effect (the fluid mass matrix) increases a lot by causing the wet natural frequency to decrease ; this value is lower as the higher mode is considered. This qualitative behaviour of frequency with height is similar to that obtained by Tariverdilo This parameter decreases with the radius a and the decrease rate is higher for lower values, furthermore in the same figure the frequency parameter of the membrane in vacuum (absence of fluid) appears, which is constant with the radius, while the frequency reduction effect of the fluid in respect to the vacuum case, increases with the drum size. This parameter decreases with the relative fluid density, and the decrease rate is higher for lower values, furthermore in the same figure the frequency parameter of the membrane in a vacuum (absence of fluid) appears, which remains constant with the relative fluid density. Table 2 presents the frequencies of vibration of the membrane for the different modes for a membrane drum filled with air and these are compared in respect to the values in the vacuum case. The properties of the membrane drum such as radius, thickness, tension, height and material are the considered. As it can be observed, there is a great reduction in frequency with air that is a light fluid, with respect to the vacuum case (see Fowler et al. [1987] ), and this reduction is higher the lower the value of the mode. These results are obtained in the case of air considered as compressible, but it must be said that the results obtained in the incompressible case presents a difference that is almost negligible, in particular the relative difference is in the worst case lower than 0.1%. It can be said that this difference may be more appreciable in other circumstances, for example for other drum geometries or other membrane characteristics. In this regard, Fig. 9 M is the diagonal term of the fluid mass matrix that is responsible for the reduction of the frequency in relation to the vacuum value, so this fluid mass coefficient can be interpreted as the transfer function that gives the effect of the fluid (pressure) over the drum membrane associated with the deformation mode of the membrane. As it can be observed the fluid mass coefficient presents an oscillating variation with the wave number, and tends to reach a value of zero for high values of the wave number k . It also shows its value for the incompressibility case, i.e. 0 k = . 
Conclusions
T he fluid-structure interaction problem has been studied for the case of a cylindrical membrane drum filled with a compressible fluid, as in the case of air. T o accomplish that, a boundary element method has been employed and the acoustic field pressure of the fluid is calculated in order to obtain the membrane frequencies of vibration. For validation of this method, the results are compared to other methods showing a good correlation between them. T he influence of different parameters of the membrane drum on his dynamic behaviour has been studied , in particular the variation of the frequency parameter with the drum height, drum radius, membrane thickness, membrane material density and fluid density. Finally, results are presented for a membrane drum filled with air and compared with respect to the vacuum case, where the compressibility effects are almost negligible; in addition the variation of the fluid mass coefficient with the wave number has been shown.
